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Magnetotransport in the presence of a longitudinal barrier: multiple quantum
interference of edge states
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Transport in a two-dimensional electron gas subject to an external magnetic field is analyzed in
the presence of a longitudinal barrier. We show that quantum interference of the edge states bound
by the longitudinal barrier results in a drastic change of the electron motion: the degenerate discrete
Landau levels are transformed into an alternating sequence of energy bands and energy gaps. These
features of the electron spectrum should result in a high sensitivity of thermodynamic and transport
properties of the 2D electron gas to external fields. In particular, we predict giant oscillations
of the ballistic conductance and discuss nonlinear current-voltage characteristics, coherent Bloch
oscillations and effects of impurities.
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Great attention has been attracted during the last
decades to study of transport properties of various meso-
scopic systems, e.g. ballistic and tunnel junctions,
quantum dots, etc.[1, 2]. Such systems display fasci-
nating quantum-mechanical behavior on a macroscopic
scale, which results in quantization of the conductance
[1, 3], Coulomb blockade [2], weak localization [1, 2],
mesoscopic conductance fluctuations [4] and macroscopic
quantum tunneling [5], just to name a few. All quantum-
mechanical effects are enhanced in low-dimensional sys-
tems, such as a two-dimensional electron gas, quasi-one-
dimensional quantum wires, systems of coupled small
tunnel junctions. Moreover, since the application of
an external magnetic field allows to transform the con-
tinuous spectrum of electrons to discrete Landau levels
(in a two-dimensional electron gas), various quantum-
mechanical effects like Shubnikov-de Haas oscillations [1],
integer and fractional quantum Hall effects [1, 2], etc.
have been observed in magnetotransport measurements
in these systems.
It is clear that if a potential barrier is placed across
the direction of the electron motion, the current would
flow only due to tunnelling through the barrier. However,
what can happen if the barrier is created along the di-
rection of the current? To the best of our knowledge this
question has not been addressed yet. Of course, the prob-
lem is not very interesting in the absence of a magnetic
field but the situation drastically changes if a magnetic
field is applied perpendicularly to the plane of the 2D
electron gas.
In this Letter we show that the quantum-mechanical
effects in the magnetotransport phenomena are enhanced
and qualitatively change if such a “longitudinal” barrier
is present in the system. To be specific, we consider a
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two-dimensional electron gas (2DEG) subject to an exter-
nal magnetic field H . We assume that a potential barrier
of a narrow width separates the systems into two parts
(left and right). What is important, the barrier should
be penetrable, such that electrons can tunnel from one
part of the system to the other. The tunneling through
the barrier can generally be characterized by a reflection
amplitude r that can vary from zero to one. A schematic
setup is shown in Fig. 1a. Here we would like to em-
phasize that such a setup is realistic and similar systems
have been produced by using a split-gate technique or
cleaved edge fabrication method [6].
We start our discussion with a qualitative analysis of
the energy spectrum of the electrons. Effects of the ex-
ternal magnetic field are considered in the Landau gauge,
i.e. the vector-potential A = (−Hy, 0, 0), where the axis
y is perpendicular to the barrier. In this gauge the com-
ponent px of the momentum conserves even in the pres-
ence of the longitudinal barrier along the x-axis.
In the limit of a completely transparent barrier, r = 0,
all states are just Landau levels (the size of the system in
the y-direction is assumed to be large), and the electron
spectrum is ǫn(px) = h¯ωc(n+1/2), where ωc = eH/mc
is the cyclotron frequency and m is the electron mass.
Such a spectrum is shown by dashed lines in Fig. 1b. In
this limit the energy spectrum is independent of px.
In the opposite limit of the zero barrier transparency,
r = 1, the electron motion near the barrier considerably
changes and can be described in terms of independent
edge states in the left and right parts of the system (see
Fig. 1a). In this case the degeneracy of the Landau lev-
els is lifted, and the spectrum of the edge states near the
barrier depends on px. The corresponding spectrum is
represented in Fig. 1b by solid lines. A peculiar property
of such a spectrum is the presence of “crossing points”,
the number of which grows with an increase of the quasi-
classical parameter α = ǫF /(h¯ωc), where ǫF is the Fermi
energy of electrons in the absence of magnetic field. In-
2FIG. 1: a) Schematic of a two-dimensional electron gas in an
external magnetic field H applied perpendicular to the elec-
tron gas confinement plane. The longitudinal barrier together
with two edge states are shown. S1 and S2 are the areas of
left and right edge states.
b)A part of the spectrum in the case of a zero barrier trans-
mission, r = 1. Dashed lines are degenerate Landau levels,
i.e. the spectrum of the system at r = 0. We use the quasi-
classical parameter α = 25.
deed, “the distance” between the neighbouring crossing
points is δpx ≃ h¯/Rc with Rc = cpF /(eH) being the
cyclotron radius of electron orbits. As the momentum px
is restricted by the Fermi momentum pF , the number of
the crossing points is determined by pF /δpx = α≫ 1.
The case of a not complete barrier transparency (0 <
r < 1) is of the most interest. In this case, the quantum
interference between the edge states lifts the degeneracy
in the crossing points, and narrow “energy bands” and
“energy gaps” appear in the electron spectrum ǫn(px).
For r ∼ 1 the characteristic widths of the energy bands
∆ǫ and the energy gaps ∆g are of the order h¯ωc ≪ ǫF .
Notice that the electron states in the bands are delocal-
ized, and thus, electrons move along the barrier with the
velocity v = dǫn(px)/dpx ∼ ∆ǫ/δpx ∼ vF (n is the band
number).
Next, we analyze quantitatively the spectrum of the
system. For this purpose we solve the Schro¨dinger equa-
tion for a two-dimensional electron gas (in the plane
(x, y)) in the presence of a magnetic field H and of the
barrier described by a potential V (y):{
1
2m
(
−ih¯ ∂
∂x
+
eHy
c
)2
− h¯
2
2m
∂2
∂y2
+ V (y)− ǫ
}
Ψ = 0
(1)
We assume that the characteristic width of the barrier lb
is much smaller than the cyclotron radius, lb ≪ Rc.
In the absence of the magnetic field the scattering of
electrons by the potential barrier is described by a 2× 2
scattering matrix
ρ̂ = ieiϕ
( |r| e−iχ t
−t∗ | r| eiχ
)
; |r|2 + |t|2 = 1, (2)
where r and t are the probability amplitudes for an inci-
dent electron to be reflected back and to be transmitted
through the barrier; ϕ and χ are the scattering phases.
Solving Eq.(1) in the quasi-classical approximation at
distances |y| ≫ lb, where the potential barrier is negligi-
bly small, and matching the wave functions of the elec-
tron on the left (y < 0) and the right (y > 0) sides of the
barrier with the help of the scattering matrix, Eq.(2), we
come to the following dispersion equation [7]:
D ≡ cos(πΦ+(ε)
2φ0
+ϕ)−r cos(πΦ−(ε, px)
2φ0
+χ) = 0 , (3)
where φ0 = hc/2e is the flux quantum, Φ± = HS±,
S± = S1 ± S2, and S1,2 are two areas bounded by the
electron orbits (see Fig. 1a). Although Eq. (3) is valid for
an arbitrary dispersion relation of electrons, it becomes
an extremely transparent for the parabolic spectrum of
electrons: the complete orbit is a circle with the radius
R = c
√
2mε/(eH) and the centrum shifted on the dis-
tance cpx/eH along the y-axis (see Fig. 1a).
The spectrum εn(px) obtained from Eq. (3) depends
on both the electron momentum px and a discrete quan-
tum number n (the band number). It displays gaps and
bands with an almost periodic dependence in a wide re-
gion of px (see Fig. 2a). In this sense it resembles the
energy spectrum of electrons in semiconducting superlat-
tices. However, in our case the spectrum can be tuned
by an external magnetic field and/or the reflection coef-
ficient r controlled by the gate voltage. Moreover, the
energy levels εn for a fixed value of px are distributed in
a pseudo-random way. The typical distribution of energy
levels is presented in Fig. 2b.
Using Eq. (3) we calculate the electron density of
states (DOS) ν (ε) and the conductance σ (εF ). Of
course, this gives only the contribution of the edge states
3bound to the longitudinal barrier. If the energy ε is lo-
cated between the Landau levels in the bulk, another
well known contribution comes from the edge states on
the boundaries of the sample. However, this contribution
is a smooth function of the energy and is not interesting
for us.
The electron DOS ν(ε) = (2πh¯)−1
∫
dpx
∑
n δ(ε −
εn(px)) can be written in the form ν(ε) =
(2πh¯)−1
∫
dpx|∂D/∂ε|δ(D) (see Eq.(3)); expanding it
into Fourier series in Φ−(ε, px) and dropping terms fast
oscillating in px one finds that the main contribution to
DOS comes from the zero harmonic [10]. Calculating it
one gets the electron DOS in the following form:
ν(ε) =
√
2mεT+
π3h¯2
|sinΦ(ε)|√
r2 − cosΦ(ε)θ
(
r2 − cos2 Φ(ε)) (4)
where Φ(ε) = 2πε/(h¯ωc) + ϕ and T+ is the period of
electron motion along the closed orbit for a given ε and
θ(x) is the step function. One can see from Eq. (4) that
there are gaps in the DOS which can be found from the
condition cos2 (2πε/h¯ωc + ϕ) > r
2.
Such a dramatic transformation of the electron spec-
trum has to lead to various novel effects in transport
properties of 2DEG. As an example, we analyze next the
ballistic transport along the x direction. With the stan-
dard Landauer approach based on the relationship be-
tween the conductance and the transmission probability
in propagating channels [2], and performing calculations
identical to those for Eq.(4), we obtain the dependence of
the linear conductance on the value of the Fermi energy
level εF
G =
e2
2h
εF
h¯ωc
∑
n
(
tanh
ε
(t)
n − εF
2T
− tanh ε
(b)
n − εF
2T
)
(5)
where ε
(t)
n = (nπ + π − arccos r)h¯ωc/2 and ε(b)n = (nπ +
arccos r)h¯ωc/2 are the top and the bottom of the n energy
band, respectively.
The conductance G, Eq. (5), becomes very sensitive
to the Fermi energy εF . Experimentally, this energy can
be tuned by applying a gate voltage. The typical de-
pendence of G on the gate voltage displaying giant os-
cillations of the conductance is shown in Fig. 3. These
oscillations of the conductance reflect the presence of the
bands and gaps in the spectrum of the edge states, thus
proving the quantum interference of the edge states. The
oscillations are smeared by temperature (compare two
curves in Fig. 3).
The oscillations found here resemble those predicted
[8] and observed [9] in the conductance of a junction be-
tween a superconductor and a two-dimensional electron
gas. However, in that case the quantum interference be-
tween hole and electron edge states occured due to An-
dreev reflection on the boundary.
FIG. 2: a) A part of the spectrum in the case of an intermedi-
ate barrier transmission, r = 0.7. The phases ϕ and χ are ob-
tained for the model of the δ-function barrier, V (y) = V δ(y).
b) The dependence of the energy level difference δε = εn+1−
εn on the energy εn (energy levels distribution). We use the
quasiclassical parameter α = 25, and a particular value of
px/pF = 0.3. The points are connected by a thin line just
for clarity.
FIG. 3: The giant oscillations of the conductance as a func-
tion of the Fermi energy (the gate voltage). The influence of
temperature is shown: kBT1 = 0.03(h¯ωc), kBT2 = 0.2(h¯ωc)
and kBT3 = 0.5(h¯ωc). We use the quasiclassical parameter
α = 25 and the reflection amplitude r = 0.7.
4As the main features of the electron motion under con-
sideration are due to the quantum interference, thermo-
dynamics and transport properties of the system are ex-
tremely sensitive to the influence of weak external fields
[10]. Thus, in the ballistic regime an increase of the trans-
port voltage should lead to ”giant steps” in the current-
voltage characteristics (CVC). The width of the voltage
steps is determined by the width of the gaps in the elec-
tron spectrum, i.e. ∆V ≃ ∆g/e.
In the diffusive regime, using an analogy with the
electron transport in metals under magnetic break-down
[11], a twinned plate [12] and semiconducting superlat-
tices [13] one can expect coherent Bloch oscillations, and
hence, anN− type non-linear CVC under relatively weak
electric fields. Indeed, in the presence of an electric field
E satisfying an inequality E > h¯ωc/(el0), where l0 is the
electron mean free path, the periodicity of En(px) as a
function of px results in localization of electrons along the
x-direction. The localization length can be estimated as
Lloc = vF τloc ∼ vF δpx/(eE) ∼ h¯vF /(eERc). The con-
ductivity G is obtained as σ = nee
2u where ne is the
density of the charge carriers and the mobility u is de-
termined by the Einstein relation u = D/εF (D is the
diffusion constant). In the case under consideration the
particle moves over the distance Lloc during the mean
free time τ0, and hence L
2
loc ∼ Dτ0. Therefore, the cur-
rent carried by the localized electrons is
j = Bσ0
(
h¯
τ0eERc
)2
E = Bσ0E
(
h¯
eτ0Rc
)2
(6)
where B is a constant of order unity and σ0 is the Drude
conductivity at H = 0.
Finally, we note that in the conventional situation (in
the absence of the longitudinal barrier), a smooth (on the
scale of the Fermi wave-length λF ∼ h¯/pF ) random scat-
tering potential U(x, y) does not change quasi-classical
transport properties of 2DEG and is not usually seen in
experiments. In contrast, in the presence of the longitu-
dinal barrier the same smooth potential can qualitatively
change the electron motion along the barrier. Arguments
analogous to those presented for the Bloch oscillations
lead to the conclusion that the electrons are localized by
this potential (or by an inhomogeneity of the magnetic
field [14]) at a localization length Ltrap ∼ (∆ε/U0)Lrand
(U0 and Lrand are the characteristic value and the corre-
lation radius of the random potential U , accordingly) as
soon as ∆ε≪ U0. Therefore, the giant oscillations (Fig.
3) can be observed if U0 < ∆ε ∼ h¯ωc. Actually, this is
the condition for the observation of Schubnikov-de Haas
oscillations and the integer quantum Hall effect.
In conclusion, we demonstrated that a two-dimensional
electron gas in the presence of a magnetic field and a
longitudinal barrier is a very interesting object. A cru-
cial property of such a system is the quantum interfer-
ence of electron edge states propagating along the bar-
rier that gives rise to narrow energy bands and gaps in
the electron spectrum. The spectrum is characterized by
a quasi-periodic dependence of εn(px) (with the period
∼ h¯/Rc ≪ pF ) in a wide region of px. The widths of
the bands and the gaps can be tuned by the magnetic
field and the gate voltage. Many interesting novel ef-
fects in the electron transport such as giant oscillations
of the ballistic conductance of 2DEG as a function of the
gate voltage, non-linear CVC, etc. are possible in such a
system.
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